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Abstract 
Finite element analyses for evaluating fatigue strength of solder joints in electronic packages should employ a 
constitutive model which can describe cyclic deformations precisely. Therefore, the model should be constructed 
based on detailed information about the inelastic strain generated under the cyclic loading. We previously 
investigated both the plastic and creep strains of Sn-Ag-Cu (SAC) lead-free solder under cyclic loading 
experimentally by conducting cyclic loading tests using stepped ramp waves. In this study, we construct an elastic-
plastic-creep constitutive model based on the experimental results, such as the stress-plastic strain relations, and the 
stress-creep strain relations obtained by the above-mentioned tests. The model considers the characteristics of the 
plastic and creep deformations in cyclic loading where loading direction changes. Simulations of cyclic loading of the 
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1. Introduction 
Solder joints in electronic packaging should have enough fatigue strength because they are subjected to 
cyclic inelastic deformation during use. Therefore, in the design of electronic packages, the fatigue 
strength of the solder joint should be evaluated by conducting finite element analysis (FEA). Also, the 
FEA must employ a constitutive model which can precisely predict the inelastic deformation behavior of 
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solder alloys under cyclic loading for accurate evaluation of the fatigue strength of the solder joints. The 
so-called elastic-plastic-creep model in which the inelastic strain is expressed as a sum of the plastic and 
creep strains is widely used for the FEA of solder joints because it can describe the time-dependent 
deformation which is the characteristics of deformation of solder alloys.  
However, there are few elastic-plastic-creep models for the FEA of the solder joints which are 
constructed on the basis of the experimental information about the development behaviors of the plastic 
and creep strains under a cyclic loading. This problem associated with constructing or using constitutive 
models is due to that there is no way to investigate above-mentioned things experimentally. Therefore, we 
have proposed an experimental method using the stepped ramp wave (SW) loading test, which can 
quantify both the plastic and creep strains of Sn-3.0Ag-0.5Cu (SAC) lead-free solder [1㸪2]. In this study, 
we propose an elastic-plastic-creep constitutive model for the SAC solder based on the experimental 
results. The applicability of the proposed model is verified by applying the model to cyclic loading under 
several loading conditions. 
2. Inelastic Strain Analysis using Stepped Ramp Wave Loading Test 
2.1. Experimental procedure 
To investigate the development behavior of both the plastic and the creep strains of solders subjected 
to cyclic loading, the lead-free solder alloy Sn-3.0Ag-0.5Cu (SAC) were employed for cyclic tension-
compression loading tests. Cylindrical ingots of the SAC solder alloy were machined into specimens 
which have a gauge length of 18 mm and a gauge diameter of 8 mm [1-3] to be used for the tests. The 
testing machine used was a Servopulser EHF-FB1 (Shimadzu Co., Ltd., Japan).  
All the cyclic tension-compression loading tests for the inelastic strain analysis were performed using 
two loading waveforms: a triangular wave (TW) and a stepped ramp wave (SW) [2]. Also all the tests 
were conducted until the specimen for each test failed by fatigue. Figure 1 shows a schematic outline of 
these waveforms. The SW loading consists of instantaneous straining (IS) components and maintaining 
strain (MS) components, and the IS and MS components were repeatedly stepped, as shown in Fig. 1. The 
subscript n for IS and MS in Fig. 1 denotes the number of steps that were performed during a loading 
cycle. The strain is maintained for a time period 'tms and the strain is then increased by instantaneous 
loading for 'His. 'tms was set to 0.5 s in all the tests. 
 
Fig. 1 Schematic of TW and SW loadings. 
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Fig. 2 Comparison of stress-strain (S-S) relation between TW and SW, and an analysis result by using SW (a) S-S by 
TW; (b) S-S by SW; (c) Analysis result. 
2.2. Analysis method  and characteristics of  plastic and creep strains developments during cyclic loading 
Figures 2(a) and (b) show examples of the stress-strain (S-S) relations obtained by the TW loading and 
the SW loading, respectively. Both the S-S relations in Figs. 2 (a) and (b) were obtained under the same 
loading condition in which the strain amplitude and the time period were respectively set to 0.5% and 40s. 
The S-S curve for TW loading is smooth, whereas that for SW loading contains small waves caused by IS 
and MS. The increase in the absolute stress in the small waves is caused by the IS process in Fig. 1, 
whereas the reduction in the absolute stress level is caused by the MS process in Fig. 1. However, both 
waveforms have almost the same hysteresis loops, except for the small waves due to SW loading. Then, 
the inelastic strain energy densities inW  (i.e., the hysteresis loop areas for a single cycle) for TW and SW 
loadings take almost equal values.  In addition, the fatigue lives Nf shown in Figs. 2(a) and (b) are also 
almost equal being 1182 and 1148, respectively. We have also compared the shape of hysteresis loop and 
the values of the inW  and Nf between TW and SW loadings in other loading conditions [2, 3]. The results 
showed that the hysteresis loop shape was similar and the inW  and Nf were almost equal between TW and 
SW in the same test condition. Since the ratio of the plastic strain to the creep strain during cyclic loading 
affects both the fatigue life Nf and the inelastic strain energy inW , it should be considered that the plastic 
and creep strains generated by TW and SW cyclic loadings are equal when Nf and inW for TW and SW 
loadings are equal under equal loading conditions. Considering this concept with the above-mentioned 
comparison results, we concluded that the plastic and creep strains generated by TW and SW cyclic 
loading in the same test conditions were equal. Therefore, we have analyzed the development behavior of 
the plastic and creep strains generated during cyclic TW loadings by quantifying both the plastic and 
creep strains generated during cyclic SW loadings under several test conditions.  
The inelastic strain quantification using the SW loading was conducted as follows. 
(a) Calculate the creep strain increment ctH'  generated at each MS section using the following 
equation [1-3]. 
c
t t /H V'  ' E , (1) 
where tV'  is the stress relaxation amplitude at a MS section and E is Young’s modulus. 
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(b) Calculate the creep strain generated during cyclic loading employing the SW by summing the creep 
strain increment ctH' calculated in the step (a). 
(c) Calculate the plastic strain generated during cyclic loading employing the SW by subtracting both the 
elastic strain calculated by Hooke’s law and the calculated creep strain in the step (b) from the total strain. 
(d) Regard the plastic and creep strains calculated in the steps (b) and (c) as the plastic and creep strains 
generated by TW loading. 
 Figure 2(c) shows an analysis result obtained by applying the above procedure to the S-S relation shown 
in Fig. 2(b). The result suggests that the plastic strain develops larger than the creep strain during the cyclic 
loading of Fig. 2(a). The inelastic strain analysis method was applied to the cyclic tension-compression 
loadings with the strain amplitudes of 0.25%, 0.5%, and 1.0% under the equal strain rate of 0.05%/s [2].  
The plastic strain analysis using the stress-plastic strain relations suggests that both the kinematic 
hardening and the isotropic hardening occurred in the cyclic loadings. Namely, the combined isotropic and 
kinematic hardening rule should be incorporated into the constitutive model for cyclic plasticity of SAC 
solder. In addition, the plastic tangent modulus becomes small during a tensile or a compression loading 
process, but the value almost recovers to the initial value during unloading process in the cyclic loading.  
Meanwhile, the creep strain analysis suggested that strain hardening due to accumulation of transient 
creep strain during tensile loading did not affect creep deformation in subsequent compression loading. 
This suggests that strain hardening due to the accumulation of transient creep strain is recovered when the 
loading direction changes from being tension to being compressive or vice versa.  
3. Constitutive Model for SAC Solder under Cyclic Loading 
We employ an elastic-plastic-creep model in which the total strain İ  consists of three strains of the 
elastic strain eİ , the plastic strain pİ , and the creep strain cİ . 
The elastic strain eİ  can be expressed using Hooke’s law: 
  ıDİ :1ee  , (2) 
where ı  is the stress tensor and eD  is the elastic tensor. 
The plastic strain pİ  and the creep strain cİ  are often expressed in the following discrete form using 
the backward Euler’s method: 
ppp
1 İİİ '  ii , 
c c c
1   'i iİ İ İ , (3) 
where the subscripts i and i+1 respectively denote the start and end of a calculation step. pİ'  and c'İ  
are the plastic strain increment and the creep strain increment in the current calculation step, respectively.  
 To incorporate the combined isotropic and kinematic hardening rule in the plastic model of the SAC 
solder, the yield function used for deriving a plastic flow rule is defined as: 
pF RV  , p 3 / 2( ) : ( )V   s b s b ,  ^ `pl apl pl0 1 21 exp /R R C CH   , (4) 
where pV  is the scalar defined by using the deviatoric stress s  and the deviatoric back stress b . R is the 
plastic flow stress, and 0R , 
pl
1C , and 
pl
2C  are the material constants. 
aplH  is the accumulated equivalent 
plastic strain. 
Applying the yield function F of Eq. (4) to the associate flow rule, the plastic strain increment pİ'  in 
Eq. (3) can be expressed as:  
^ `p p p 1 1 1ǻ 3ǻ /(2 ) ( )i i iH V    İ s b , pǻ ǻ / HH V . (5) 
In Eq. (5), pǻH  is the equivalent plastic strain increment and ǻV is the von Misses type of equivalent 
stress increment. H  is the plastic tangent modulus calculated by the following equation. 
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^ ` ^ `(1 ) /plh0 0/( ) / m mH D mH H H  , plh apl aplmin( )NH H H  , (6) 
where D is the reference stress at the plastic strain 0H  of 
45.00 10u , and m is the hardening exponent in 
the Ramberg-Osgood law [1]. plhH is the plastic hardening parameter used for describing the recovery of 
the value of the H during the unloading process. aplH is the accumulated equivalent plastic strain, and 
aplmin( )NH is the accumulated equivalent plastic strain at a time when the N th unloading process has been 
completed.  
The deviatoric back stress b  in Eqs. (4) and (5) is also expressed in discrete form, and its increment 
ǻb  is calculated by the following equation based on the Prager-Ziegler type of assumption: 
1 1ǻ ǻ ( )i iF   b s b , ^ ` ^ `p 2 p1 1 1 1ǻ 3/ 2( ) ( ) :ǻ (2 / 3) ǻi i i i RF V V   ª º  ¬ ¼ s b s , (7) 
where ǻF  is a coefficient based on the Prager’s consistency condition. 
The creep strain increment cİ'  in Eq. (3) is expressed as: 
tii ' '  })1{(
c
1
cc İİİ  TT , ^ `c c3 /(2 )i i i iİ V İ s  , (8) 
where T  is the time integration parameter which takes values from 0 to 1; t'  is the time increment in 
the current calculation step. ciİ  is the creep strain rates at the start and end of a calculation step. iV  is the 
von Mises type equivalent stress expressed as 3 / 2 :i i iV  s s . 
 ciİ  in Eq. (8) is the equivalent creep strain rate expressed by the sum of the equivalent transient creep 
strain rate c I( )iH  and the equivalent steady-state creep strain rate 
c




cc )()( iii HHH   , 
n
i AVH  II
c )(  , c cr cI II( ) ( )i iCH H   . (9) 
A and n in Eq. (9) are the material constants for the Norton’s law. crC  is the proportionality coefficient 
calculated by the following equation. 
^ `cr cr crh cr1 I 2exp ( ) /C C CH  , ^ `crh acr acrI I I( ) min ( )NH H H  , (10) 
where cr1C  and 
cr
2C  are material constants. 
crh
I( )H  is the creep hardening parameter used for describing 
the recovery of the transient creep strain rate due to the loading direction change. acrIH  is the accumulated 
equivalent transient creep strain, and ^ `acrImin ( )NH  is the accumulated equivalent transient creep strain at 
a time when the N th direction change of the creep strain rate occurs. 
4. Simulations and Discussions 
The material constants for the constructed model were estimated as shown in Table 1. The material 
constants for plastic model, such as D, m, R0, pl1C , 
pl
2C  were estimated by using the stress-plastic strain 
relation. The material constants for creep model such as A, n, cr1C , 
cr
2C  were estimated by using the 
relationship between the creep strain rate and the stress previously investigated [1]. 
Figure 3 shows the calculated S-S relations under cyclic loadings by using constructed model together 
with the experimental results. In Fig. 3, the symbols indicate the experiments, and the lines are the 
simulations. The S-S relation in Fig. 3(a) is caused by the cyclic loading under the strain rate of 0.05 %/s 
with the total strain amplitude of 0.5 %. The S-S relation in Fig. 3(b) is caused by the cyclic loading with 
the total strain amplitude of 0.5 % under the fast-slow condition in which the strain rate on the tensile side 
and that on the compressive side are set to 0.5%/s and 0.005%/s, respectively. Whereas, the S-S relation 
in Fig. 2(c) is also caused by the cyclic loading with the total strain amplitude of 0.5 % under the slow-
fast condition in which the strain rate on the tensile side and that on the compressive side are set to 
0.005%/s and 0.5%/s, respectively.  
There are some differences between the simulations and the experiments in Fig. 3, but the simulations 
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almost predict the stress level of the hysteresis loop of the experiments. Especially, the simulations 
describe the asymmetric shapes of the hysteresis loops due to the difference of the strain rate between the 
tensile side and the compressive side in Figs. 3(b) and (c). In addition, the rapid stress decrease due to the 
rapid decrease in the strain rate, which can be observed at the strain of 0.5 % in Fig. 3(b) and at the strain 
of -0.5 % in Fig. 3(c), is well predicted by the simulations. Namely, the proposed model has a benefit to 
predict the deformation of the SAC lead-free solder under cyclic loadings. 
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Table 1.  Material constants for constitutive model 









26.0 GPa 30.2 MPa 3.20 26.5 MPa 0.350 5.50×10-2 8.10×10-19 9.15 18.2 3.03×10-4 
 
Fig. 3 Calculated stress-strain relations under cyclic tension-compression loadings with experimental results  
(a) S-S under strain rate of 5×10-2%/s; (b) S-S under strain rate of 5×10-1%/s on the tensile side and  5×10-3%/s on the 
compressive side (c) S-S under strain rate of 5×10-3%/s on the tensile side and  5×10-1%/s on the compressive side. 
